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Abstract
A new criterion on normal bases of finite field extension Fqn/Fq is presented and explicit criteri-
ons for several particular finite field extensions are derived from this new criterion.
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1. Introduction
The determination of normal bases for finite field extensions is one of the important topics in
applications such as coding, cryptography and practical computation, particularly multiplication
operation in finite fields.
A series of criterions on normal bases has been given ([11, 18]), many series of normal bases
with lower complexity have been found ([1, 3, 5, 6, 9, 10, 12, 17, 20]), and explicit description
to construct normal bases for specific cases of finite field have been presented ([2, 4, 8, 14, 15,
16, 19]).
In this paper we present a new criterion on normal bases for general case of extension Fqn/Fq
in Section 2. As applications of this new criterion, we show several examples in Section 3
which give explicit description of the normal bases for several specific extension of finite fields
including previous results in ([14, 15, 19]).
2. A New Criterion on Normal Basis Generators for Finite Field Extensions
Let q = pl be a power of prime number p, l ≥ 1, Fq be the finite field with q elements.
An element α ∈ Fqn is called a normal basis generator (NBG) for extension Fqn/Fq if B =
{α,αq,αq2 , · · · ,αqn−1} is a Fq-basis of Fqn . In this case, B is called a normal basis for Fqn/Fq.
The normal bases for Fqn/Fq are closely related to the ring of q-polynomial which we in-
troduce now briefly. For more information on normal bases and q-polynomial we refer to books
[11, 18].
A q-polynomial (or called linearized polynomial) is a polynomial in the following form:
L(x) = a0x+ a1xq + a2xq
2
+ · · ·+ amxqm (ai ∈ Fq).
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Let Fq[x] be the set of all q-polynomials. Then Fq[x] is a ring with respect to the ordinary
addition and the following multiplication⊗ :
L(x)⊗K(x) = L(K(x)) (composition).
One of basic facts on Fq[x] is that the mapping
ϕ : Fq[x]→ Fq[x],
m
∑
i=0
aix
i 7→
m
∑
i=0
aix
qi (ai ∈ Fq)
is an isomorphism of rings. Therefore Fq[x] is a principal ideal domain with identity x. We use
the notation ‖ to express the divisibility in Fq[x]. Namely, for L(x) and M(x) in Fq[x], L(x) ‖M(x)
means that L(x) 6= 0 and there exists N(x) ∈ Fq[x] such that M(x) = L(x)⊗N(x) = N(x)⊗L(x).
Let n be a positive integer. For α ∈ Fqn , the set
Iα = {M(x) ∈ Fq[x] : M(α) = 0}
is a nonzero ideal of Fq[x] and xq
n − x ∈ Iα. The monic generator Mα(x) of the ideal Iα is called
the minimal q-polynomial of α over Fq. Particularly, Mα(x) is an irreducible polynomial in Fq[x]
and Mα(x) ‖ xqn − x. Let xn− 1 has the following standard decomposition in Fq[x] :
xn− 1 = p1(x)a1 p2(x)a2 · · · pr(x)ar , (1)
where p1(x), p2(x), · · · , pr(x) are distinct monic irreducible polynomials in Fq[x] and ai ≥ 1 (1≤
i≤ r). Then the standard decomposition of xqn − x = ϕ(xn− 1) in Fq[x] is
xq
n − x = P1(x)a1 ⊗P2(x)a2 ⊗·· ·⊗Pr(x)ar ,
where Pi(x) = ϕ(pi(x)) (1≤ i≤ r) are distinct monic irreducible q-polynomials in Fq[x].
An element α ∈ Fqn is a NBG of Fqn/Fq means, by definition {α,αq,αq2 , · · · ,αqn−1} is Fq-
linear independent. This is also equivalent to that there is no non-zero q-polynomial G(x) =
n−1
∑
i=0
cix
qi (ci ∈ Fq) such that G(x) ‖ xqn − x and G(α) = 0. From this we give the following usual
criterions on α ∈ Fqn being a NBG of Fqn/Fq.
Theorem 2.1. ([11, 18]) Suppose that xn−1 has the decomposition (1) in Fq[x]. Let li(x) = xn−1pi(x)
and Li(x) = ϕ(li(x)) (1 ≤ i ≤ r). Then for α ∈ Fqn , α is a NBG of Fqn/Fq if and only if one of
the following conditions satisfied
(1) The minimal q-polynomial Mα(x) of α is xqn − x.
(2) For each factor m(x) of xn−1 in Fq[x] with degree < n and M(x) = ϕ(m(x)), M(α) 6= 0.
(3) Li(α) 6= 0 (1≤ i≤ r).
The criterions presented in Theorem 2.1 heavily depend on the decomposition (1) of xn− 1.
Now we present a new criterion on NBG of Fqn/Fq which we use the q-equivalent classes of
the elements in Zn = Z/nZ. To compute these q-equivalent classes is easier than to find the
decomposition of xn− 1 in Fq[x].
Firstly we assume that (n,q) = 1 (The other case can be easily reduced to (n,q) = 1 case, see
Theorem 3.10). Then the decomposition of xn− 1 in Fq[x] is
xn− 1 = p1(x)p2(x) · · · pr(x), (2)
2
where pi(x) (1 ≤ i ≤ r) are distinct monic irreducible polynomials in Fq[x]. The ring R =
Fq[x]/(x
n − 1) is semi-simple and, by Chinese Remainder Theorem, is a direct sum of finite
fields:
R =
Fq[x]
(xn− 1)
∼=⊕ri=1
Fq[x]
(pi(x))
∼=⊕ri=1Fqdi , (3)
where di = deg pi(x) (1≤ i≤ r). Let ζ be a fixed n-th primitive root of 1 in the algebraic closure
of Fq. Then Zn is partitioned into r q-classes
S1 = {a1 = 0}
S2 = {a2,a2q, · · · ,a2qd2−1} (a2qd2 = a2 ∈ Zn)
.
.
.
Sr = {ar,arq, · · · ,arqdr−1} (arqdr = ar ∈ Zn) (4)
and the roots {1,ζ,ζ2, · · · ,ζn−1} of xn− 1 are partitioned into r Fq-conjugate classes:
A1 = {α1 = 1}
A2 = {α2,αq2, · · · ,αq
d2−1
2 }
.
.
.
Ar = {αr,αqr , · · · ,αq
dr−1
r },
where αi = ζai , di = deg pi(x) and Ai is the set of roots of pi(x) (1≤ i≤ r, p1(x) = x− 1).
Our new criterion on NBG for Fqn/Fq is expressed in terms of the orthogonal idempotent
elements ei(x) ∈ Fq[x], degei(x)≤ n− 1 (1≤ i≤ r) satisfying
ei(x)≡ δi j (mod p j(x)) (1≤ i, j ≤ r), (5)
where δi j is the Kronecker symbol.
By Chinese Remainder Theorem, such idempotents ei(x) (1 ≤ i ≤ r) exist and uniquely de-
termined. From (5) we get
ei(α j) = δi j (1≤ i, j ≤ r) (6)
and have the following orthogonal idempotent decomposition in R = Fq[x]
(xn−1) ,
1 = e1(x)+ · · ·+ er(x), ei(x)e j(x) = δi jei(x) (1≤ i, j ≤ r). (7)
Let Ei(x) = ϕ(ei(x)) ∈ Fq[x](xqn−x) (1 ≤ i ≤ r). Our new criterion on NBG for Fqn/Fq is the
following fundamental result.
Theorem 2.2. Let ei(x) (1 ≤ i ≤ r) be the idempotent elements in R = Fq[x](xn−1) defined by (5).
Ei(x) = ϕ(ei(x)) ∈ Fq[x](xqn−x) . Then for α ∈ Fqn , α is a NBG for Fqn/Fq if and only if Ei(α) 6=
0 (1≤ i≤ r).
Proof. Let li(x) = xn−1pi(x) , Li(x) = ϕ(li(x)) (1 ≤ i ≤ r). From Theorem 2.1 we know that α is a
NBG for Fqn/Fq if and only if Li(α) 6= 0 (1≤ i≤ r). Now we claim that for each i (1 ≤ i≤ r),
Li(α) = 0⇔ Ei(α) = 0.
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From this the Theorem 2.2 follows.
From (5) we get
li(x)≡ li(x)ei(x)(mod xn− 1).
By the isomorphism ϕ : Fq[x]→ Fq[x] we get the following congruences in ring Fq[x] :
Li(x)≡ Li(x)⊗Ei(x)(mod xqn − x).
Then by αqn = α we get
Li(α) = Li(x)⊗Ei(x) |x=α= Li(Ei(α)).
Particularly, if Ei(α) = 0, then Li(α) = Li(0) = 0.
Conversely, the fact (li(x), pi(x)) = 1 in Fq[x] implies that there exist a(x),b(x) ∈ Fq[x] such
that a(x)li(x)+ b(x)pi(x) = 1. Therefore
ei(x) = ei(x)a(x)li(x)+ ei(x)b(x)pi(x)
≡ ei(x)a(x)li(x)(modxn− 1),
since ei(x)pi(x) ≡ 0(modxn− 1) by (5). Therefore in Fq[x],Ei(x) ≡ Ei(x)⊗A(x)⊗Li(x)(mod
xq
n − x), where A(x) = ϕ(a(x)). Therefore Li(α) = 0 implies that Ei(α) = 0. This completes the
proof of Theorem 2.2.
Next we present a rather easy method to compute the idempotents ei(x) and so Ei(x) =
ϕ(ei(x)) (1≤ i≤ r).
Theorem 2.3. Let
εi(x) = ∑
a∈Si
xa
where Si (1 ≤ i ≤ r) are q-classes of Zn are defined by partition (4), αi ∈ Ai and M is an r× r
matrix over Fq defined by
M = (εi(α j))1≤i, j≤r.
Then det(M) 6= 0 and


e1(x)
.
.
.
er(x)

= M−1


ε1(x)
.
.
.
εr(x).

 . (8)
Proof. Firstly we prove that εi(α j) ∈ Fq (1 ≤ i, j ≤ r). Since α j = ζa j , we have εi(α j) =
di−1
∑
λ=0
ζa jaiqλ and
εi(α j)q =
di−1∑
λ=0
(ζaiqλ+1)a j
=
di−1∑
λ=0
(ζaiqλ)a j = εi(α j).
4
Therefore εi(α j) ∈ Fq and M is a matrix over Fq. By the definition of εi(x) we know that
εi(x)≡ xai + xaiq + · · ·+ xaiqdi−1(mod xn− 1) (1≤ i≤ r).
Then by (7) we have ei(x)q ≡ ei(x)(modxn− 1). Therefore ei(x) is a Fq-linear combination of
ε1(x),ε2(x), · · · ,εr(x). Namely,


e1(x)
.
.
.
er(x)

 = A


ε1(x)
.
.
.
εr(x)

 ,
where A is an r× r matrix over Fq. By using (6), we get
Ir =


e1(α1) · · · e1(αr)
.
.
.
.
.
.
er(α1) · · · er(αr)

= A


ε1(α1) · · · ε1(αr)
.
.
.
.
.
.
εr(α1) · · · εr(αr)

= AM.
Therefore det(M) 6= 0 and A = M−1. This completes the proof of the Theorem 2.3.
3. Examples
Example 3.1. Let n be a prime number, q = pm, n 6= p. Suppose that q is a primitive root of
n which means that (Z/nZ)∗ = 〈q〉. Let ζ be an n-th primitive root of 1 so that Fq(ζ) = Fqn−1 .
Then xn− 1 is decomposed in Fq[x] as
xn− 1 = (x− 1)p2(x),
where p2(x) = xn−1 + xn−2 + · · ·+ x+ 1 is irreducible in Fq[x]. The Fq-conjugate classes of
{ζλ : 0≤ λ≤ n− 1} are
A1 = {1}, α1 = 1
A2 = {ζql : 0≤ l ≤ n− 2}= {ζλ : 1≤ λ≤ n− 1}.
Therefore ε1(x) = 1, ε2(x) = x+ x2 + · · ·+ xn−1, and
M =
(
ε1(1) ε1(ζ)
ε2(1) ε2(ζ)
)
=
(
1 1
n− 1 −1
)
,M−1 = 1
n
(
1 1
n− 1 −1
)
.
Therefore by (8),
e1(x) =
1
n
(ε1(x)+ ε2(x)) =
1
n
(1+ x+ x2+ · · ·+ xn−1)
e2(x) =
1
n
((n− 1)ε1(x)− ε2(x)) = 1− 1
n
(1+ x+ x2+ · · ·+ xn−1) = 1− e1(x),
and
E1(x) =
1
n
(
n−1
∑
i=0
xq
i
), E2(x) = x−E1(x).
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Let Tr be the trace mapping for Fqn/Fq. Namely, for α ∈ Fqn ,
Tr(α) =
n−1
∑
i=0
αq
i
= nE1(α).
Therefore,
E1(α) =
1
n
Tr(α), E2(α) = α− 1
n
Tr(α).
By Theorem 2.2, for α ∈ Fqn ,
α is a NBG for Fqn/Fq ⇔ E1(α) 6= 0 and E2(α) 6= 0
⇔ Tr(α) 6= 0 and nα 6= Tr(α) ∈ Fq
⇔ Tr(α) 6= 0 and α /∈ Fq(since α ∈ Fq implies that nα = Tr(α)).
Therefore we get the following result given by Pei et al. in [15].
Theorem 3.2. Let q= pm, n be a prime number, n 6= p. If (Z/nZ)∗ = 〈q〉. Then for α∈ Fqn , α is
a NBG for Fqn/Fq if and only if α /∈ Fq and Tr(α) 6= 0, where Tr is the trace mapping for Fqn/Fq.
Example 3.3. Let n be an odd prime number, n 6= p, q = pm. Suppose that the (multiplicative)
order of q in (Z/nZ)∗ is l = ϕ(n)2 = n−12 so that in (Z/nZ)∗,
{qλ : 0≤ λ≤ l− 1}= {1≤ r ≤ n− 1 : ( r
n
) = 1},
where ( r
n
) is the Legendre symbol.
Let ζ be an n-th primitive root of 1 in the algebraic closure of Fq so that Fq(ζ) = Fql . The
conjugate classes of {1,ζ, · · · ,ζn−1} are
A1 = {1}, α1 = 1,
A2 = {ζr : 1≤ r ≤ n− 1,( r
n
) = 1},α2 = ζ,
A3 = {ζr : 1≤ r ≤ n− 1,( r
n
) =−1},α3 = ζg,
where g is a generator of the cyclic group (Z/nZ)∗. Therefore
ε1(x) = 1,ε2(x) =
n−1
∑
r=1
( rn )=1
xr,ε3(x) =
n−1
∑
r=1
( rn )=−1
xr. (9)
M =

 ε1(1) ε1(ζ) ε1(ζ
g)
ε2(1) ε2(ζ) ε2(ζg)
ε3(1) ε3(ζ) ε3(ζg)

=

 1 1 1l C B
l B C

 ,
where
C =
n−1
∑
r=1
( rn )=1
ζr ∈ Fq,B =
n−1
∑
r=1
( rn )=−1
ζr =−1−C,
6
and
M−1 =
1
n(B−C)

 B−C B−C B−Cl(B−C) C− l l−B
l(B−C) l−B C− l

 .
From (8) we get


ne1(x) = ε1(x)+ ε2(x)+ ε3(x) = ∑n−1i=0 xi
n(B−C)e2(x) = l(B−C)+ (C− l)ε2(x)+ (l−B)ε3(x)
n(B−C)e3(x) = l(B−C)+ (l−B)ε2(x)+ (C− l)ε3(x).
(10)
Case (I): 2 ∤ q
Let n∗ = (−1
n
)n. Then B−C = −∑n−1r=1( rn )ζr is the quadratic Gauss sum, but valued in Fql .
We have
(B−C)2 = ∑
1≤r,s≤n−1
(
rs
n
)ζr+s = ∑
1≤t,s≤n−1
(
t
n
)ζs(t+1)
= − ∑
t 6=−1
(
t
n
)+ (n− 1)(−1
n
) = n∗.
Therefore B−C = µ√n∗, µ ∈ {1,−1}. Then from B+C =−1, we get
B =
1
2
(−1+ µ
√
n∗),C = 1
2
(−1− µ
√
n∗).
By (10) and (9) we have
ne1(x) =
n−1
∑
i=0
xi,
nµ
√
n∗e2(x) = lµ
√
n∗+[(−1
2
− µ
√
n∗
2
)− l]ε2(x)+ [l+(12 −
µ
√
n∗
2
)]ε3(x),
= lµ
√
n∗+
n
2
(ε3(x)− ε2(x))− µ
√
n∗
2
(ε3(x)+ ε2(x))
nµ
√
n∗e3(x) = lµ
√
n∗− n
2
(ε3(x)− ε2(x))− µ
√
n∗
2
(ε3(x)+ ε2(x)).
Then Ei(x) = ϕ(ei(x)) (1≤ i≤ 3) are
nE1(x) =
n−1
∑
i=0
xq
i
,
2n
√
n∗E2(x) = 2l
√
n∗x− µn
n−1
∑
r=1
(
r
n
)xq
r −
√
n∗
n−1
∑
r=1
xq
r
,
2n
√
n∗E3(x) = 2l
√
n∗x+ µn
n−1
∑
r=1
(
r
n
)xq
r −
√
n∗
n−1
∑
r=1
xq
r
.
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Let Tr be the trace mapping for Fqn/Fq. By Theorem 2.2 we get, for α ∈ Fqn ,
α is a NBG for Fqn/Fq ⇔ Ei(α) 6= 0 (1≤ i≤ 3)
⇔ Tr(α) 6= 0 and 2l
√
n∗α−
√
n∗(Tr(α)−α) 6=±n
n−1
∑
r=1
(
r
n
)αq
r
⇔ Tr(α) 6= 0 and n
√
n∗α−
√
n∗Tr(α) 6=±n
n−1
∑
r=1
(
r
n
)αq
r
.
Case (II): 2 | q.
In this case B+C = B−C = 1 and by (10)
ne1(x) =
n−1
∑
i=0
xi,
ne2(x) = l +(l+B)(ε2(x)+ ε3(x))+ ε2(x),
ne3(x) = l +(l+B+ 1)(ε2(x)+ ε3(x))+ ε2(x).
Therefore, for α ∈ Fqn ,
nE1(α) = Tr(α),
nE2(α) = lTr(α)+B(Tr(α)+α)+A,
nE3(α) = lTr(α)+ (B+ 1)(Tr(α)+α)+A,
where A =
n−1
∑
r=1
( rn )=1
αq
r
. Therefore for α ∈ Fqn ,
α is a NBG for Fqn/Fq ⇔ Tr(α) 6= 0,A 6= lTr(α)+B(Tr(α)+α)
and A 6= lTr(α)+ (B+ 1)(Tr(α)+α).
If n≡±1(mod 8), then ( 2
n
)= 1 and B2 =
n−1
∑
r=1
( rn )=1
ζ2r =B. Therefore B∈{0,1}. If n≡±3(mod
8), then ( 2
n
) = −1 and B2 = C = B+ 1. Therefore B ∈ {ω,ω+ 1} where ω and ω+ 1 are two
roots of x2 + x+ 1 in F4. Thus we get the following result.
Theorem 3.4. Let n be an odd prime number, n 6= p, q = pm, Tr be the trace mapping for
Fqn/Fq, n
∗ = (−1
n
)n. Suppose that the (multiplicative) order of q in (Z/nZ)∗ is l = ϕ(n)2 = n−12 .
Then for α ∈ Fqn , we have the following criterion
(1) If p ≥ 3,α is a NBG for Fqn/Fq if and only if Tr(α) 6= 0 and
√
n∗(nα− Tr(α)) 6=
±n
n−1
∑
r=1
( r
n
)αq
r
.
(2) If p = 2, α is a NBG for Fqn/Fq if and only if Tr(α) 6= 0 and
{
A 6= lTr(α),(l + 1)Tr(α)+α, for n≡±1(mod8)
A 6= lTr(α)+ω(Tr(α)+α), lTr(α)+ (ω+ 1)(Tr(α)+α), for n≡±3(mod8),
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where A =
n−1
∑
r=1
( rn )=1
αq
r
and {ω,ω+ 1} are two roots of x2 + x+ 1 in F4.
Particularly, if q = p = 2, then α ∈ F2n is a NBG for F2n/F2 if and only if Tr(α) = 1 and
n−1
∑
r=1
( rn )=1
αq
r 6= l, l + 1+α, where Tr is the trace mapping for F2n/F2.
Example 3.5. (Generalization of Example 2) Let n and p be distinct prime numbers, q = pm.
Let f be the order of q in (Z/nZ)∗, n− 1 = e f . Then we have a generator of the cyclic group
(Z/nZ)∗ such that q≡ ge(modn) and (Z/nZ)∗ is partitioned into cyclotomic classes
Ci = {gi+e j : 0≤ j ≤ f − 1} (0≤ i≤ e− 1).
Let ζ be an n-th primitive root of 1, Fq(ζ) = Fq f . Then {ζa : 0 ≤ a ≤ n− 1} be partitioned into
e+ 1 Fq-conjugate classes
A∗ = {1},α∗ = 1
Ai = {ζa : a ∈ Ci}, αi = ζgi (0 ≤ i≤ e− 1).
Therefore
ε∗(x) = 1, εi(x)≡ ∑
a∈Ci
xa(mod xn− 1).
Let εi = εi(ζ) (0≤ i≤ e− 1). We know that εi ∈ Fq and
εi(α j) = ∑
a∈Ci
ζag j = εi+ j.
Therefore
M =


1 1 1 · · · 1
f ε0 ε1 · · · εe−1
f ε1 ε2 · · · ε0
.
.
.
.
.
.
.
.
.
.
.
.
f εe−1 ε0 · · · εe−2


.
By using the equality
e−1
∑
i=0
εiεi+ j =
e−1
∑
i=0
∑
a,b∈C0
ζgi(a+g jb)
=
{
n− f , if − 1 ∈ Cj (⇔ j ≡ e f2 (mod e))
− f , otherwise.
We can get
M−1 =
1
n


1 1 1 · · · 1
f εc εc+1 · · · εc−1
f εc+1 εc+2 · · · εc
.
.
.
.
.
.
.
.
.
.
.
.
f εc−1 εc · · · εc−2


,
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where c≡ e f2 (mode), namely
c =
{
e
2 , if 2 | e and 2 ∤ f ,
0, otherwise.
Therefore for α ∈ Fqn ,
nE∗(α) = Tr(α),
nE j(α) = f α+
e−1
∑
i=0
εi+ j ∑
a∈Ci
αq
a
(0≤ j ≤ e− 1).
Thus we get the following result.
Theorem 3.6. Let n and p be distinct prime numbers, q = pm. Let f be the order of q in
(Z/nZ)∗, n− 1 = e f . Let ζ be an n-th primitive root of 1, Fq(ζ) = Fq f . We choose g ∈ Z such
that (Z/nZ)∗ = 〈g〉 and q≡ ge(mod n). We denote
Ci = {gi+e j : 0≤ j ≤ f − 1} (0≤ i≤ e− 1),εi = ∑
a∈Ci
ζa ∈ Fq(0≤ i≤ e− 1).
Then for α ∈ Fqn , α is a NBG for Fqn/Fq if and only if Tr(α) 6= 0 and
e−1
∑
i=0
εi+ j ∑
a∈Ci
αq
a 6=− f α (0≤ j ≤ e− 1).
Remark 3.7. (1) The Gauss periods εi (0 ≤ i ≤ e− 1) can be calculated explicitly for many
cases of e (= 2,3,4, · · ·) by using Gauss sums so that more closer form of Theorem 3.6 can be
derived for such e. Particularly, for e = 1 and 2, we obtain Theorems 3.2 and 3.4.
(2 ) For q = 2,e = 3,5,7 and q = 4,e = 3, we have εi ∈ F2 and
e−1
∑
i=0
εiεi+ j =
{
1, if j = 0,
0 if 1≤ j ≤ e− 1,
which means that the matrix


ε0 ε1 · · · εe−1
ε1 ε2 · · · ε0
.
.
.
.
.
.
.
.
.
εe−1 ε0 · · · εe−2


is an orthogonal circulate matrix over F2. Jungnickel et al. [7] obtained a formula on the number
of orthogonal circulate e× e matrices over Fq. From this formula we know that there essentially
exist unique such matrix for q = 2,e = 3,5,7 and q = 4,e = 3. Namely, (ε0,ε1, · · · ,εe−1) =
(1,0, · · · ,0).
In these cases, the conclusion of Theorem 3.6 can be simplified as :
α is a NBG for Fqn/Fq if and only if Tr(α) 6= 0 and
e−1
∑
i=0
εi+ j ∑
a∈Ci
αq
a 6=− f α (0≤ j ≤ e− 1).
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Example 3.8. Let p1, p2, p be distinct prime numbers, p1 ≥ 3, p2 ≥ 3,n= p1 p2,q= pm. Suppose
that (Z/p1Z)∗ = 〈q〉,(Z/p2Z)∗ = 〈q〉 and (p1− 1, p2− 1) = 2. Then the order of q in (Z/nZ)∗
is f = (p1−1)(p2−1)2 . Let ζ be a n-th root of 1 and Fq(ζ) = Fq f . The set {ζi : 0 ≤ i ≤ n− 1} be
partitioned into five Fq-conjugate classes as following:
A0 = {1}, |A0|= 1, α0 = 1,
A1 = {ζ,ζq, · · · ,ζq f−1}, |A1|= f , α1 = ζ,
A2 = {ζg,ζqg, · · · ,ζq f−1g}, |A2|= f , α2 = ζg(where ζg /∈ A1 and (g,n) = 1),
A3 = {ζp1 ,ζqp1 , · · · ,ζqp2−2 p1}, |A3|= p2− 1, α3 = ζp1 ,
A4 = {ζp2 ,ζqp2 , · · · ,ζqp1−2 p2}, |A4|= p1− 1, α4 = ζp2 .
Therefore
ε0(x) = 1,ε1(x) =
f−1
∑
i=0
xq
i
,ε2(x) =
f−1
∑
i=0
xgq
i
,
ε3(x) =
p2−2∑
j=0
xq
j p1 ,ε4(x) =
p1−2∑
j=0
xq
j p2 .
M = (εi(α j))0≤i, j≤4 =


1 1 1 1 1
f ε1 ε2 − p1−12 − p2−12
f ε2 ε1 − p1−12 − p2−12
p2− 1 −1 −1 −1 p2− 1
p1− 1 −1 −1 p1− 1 −1

 ,
where εi = εi(α j) ∈ Fq (i = 1,2).
If 2 ∤ q, then
nM −1 =


1 1 1 1 1
2m1m2 n2(ε1−ε2) +
1
2 − n2(ε1−ε2) +
1
2 −m1 −m2
2m1m2 − n2(ε1−ε2) +
1
2
n
2(ε1−ε2) +
1
2 −m1 −m2
2m2 −1 −1 −1 2m2
2m1 −1 −1 2m1 −1

 ,
where mi = pi−12 (i = 1,2). Therefore
ne0(x) =
n−1
∑
i=0
xi,
ne1(x) = 2m1m2 +
n
2(ε1− ε2) (ε1(x)− ε2(x))+
1
2
(ε1(x)+ ε2(x))−m1ε3(x)−m2ε4(x),
ne2(x) = 2m1m2− n2(ε1− ε2) (ε1(x)− ε2(x))+
1
2
(ε1(x)+ ε2(x))−m1ε3(x)−m2ε4(x),
ne3(x) = −
n−1
∑
i=0
xi + p2(1+ ε4(x)),
ne4(x) = −
n−1
∑
i=0
xi + p1(1+ ε3(x)).
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For α ∈ Fqn and m|n, let Trnm(α) be the trace of α for extension Fqn/Fqm . We have, for
Ei(x) = ϕ(ei(x)),
nE0(α) = Trn1(α),
nE1(α) = 2m1m2α+
1
2
n−1
∑
r=1
(r,n)=1
αq
r −m1(Trnp1(α)−α)−m2(Trnp2(α)−α)
+
n
2(ε1− ε2) (
f−1
∑
r=0
αq
qr −
f−1
∑
r=0
αq
gqr
),
nE2(α) = 2m1m2α+
1
2
n−1
∑
r=1
(r,n)=1
αq
r −m1(Trnp1(α)−α)−m2(Trnp2(α)−α)
− n
2(ε1− ε2) (
f−1
∑
r=0
αq
qr −
f−1
∑
r=0
αq
gqr
),
nE3(α) = −Trn1(α)+ p2Trnp1(α),
nE4(α) = −Trn1(α)+ p1Trnp2(α).
If 2 | q, then
M −1 =


1 1 1 1 1
0 n+12 + ε2
n+1
2 + ε1 m1 m2
0 n+12 + ε1
n+1
2 + ε2 m1 m2
0 1 1 1 0
0 1 1 0 1


and
E0(α) = Trn1(α)
E1(α) = m1(Trnp1(α)+α)+m2(Tr
n
p2(α)+α)+
f−1
∑
r=0
αq
qr
E2(α) = m1(Trnp1(α)+α)+m2(Tr
n
p2(α)+α)+
f−1
∑
r=0
αq
qr g
E3(α) = Trnp1(α), E4(α) = Tr
n
p2(α).
Then Theorem 2.2 implies the following result.
Theorem 3.9. Let p1, p2, p be distinct prime numbers, p1 ≥ 3, p2 ≥ 3,n = p1 p2,q = pm, f =
(p1−1)(p2−1)
2 ,m1 =
p1−1
2 ,m2 =
p2−1
2 . Suppose that (Z/piZ)
∗ = 〈q〉 (i = 1,2) and (p1− 1, p2−
1) = 2. We choose g ∈ Z such that g /∈ 〈q〉 ⊆ (Z/nZ)∗. Let ζ be an n-th root of 1 in the algebraic
closure of Fq,ε1 = ∑ f−1r=0 ζqi ,ε2 = ∑ f−1r=0 ζgqi = 1− ε1. For α ∈ Fqn and m | n, let Trnm(α) be the
trace mapping of α for Fqn/Fqm .
(1) If 2 ∤ q, then α ∈ Fqn is a NBG for Fqn/Fq if and only if
Trn1(α) 6= 0, p1Trnp2(α), p2Trnp1(α)
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and
2m1m2α+
1
2
n−1
∑
r=1
(r,n)=1
αq
r −m1(Trnp1(α)−α)−m2(Trnp2(α)−α)
6= ± n
2(ε1− ε2) (
f−1
∑
r=0
αq
r −
f−1
∑
r=0
αgq
r
).
(2) If 2 | q, then α ∈ Fqn is a NBG for Fqn/Fq if and only if
Trn1(α) 6= 0, α /∈ Fqpi (i = 1,2)
and
m1(Trnp1(α)+α)+m2(Tr
n
p2(α)+α) 6=
f−1
∑
r=0
αq
qrc
(c = 1,g).
At the end of this section we show that the case p | n can be reduced into the case p ∤ n.
Theorem 3.10. Let n = pt l,(l, p) = 1, t ≥ 1,q = pm and Trnl be the trace mapping for Fqn/Fql .
Then for α ∈ Fqn ,α is a NBG for Fqn/Fq if and only if Trnl (α) is a NBG for Fql/Fq.
Proof. Let
xl − 1 = f1(x) f2(x) · · · fr(x),
where fi(x) (1 ≤ i ≤ r) are distinct monic irreducible polynomials in Fq[x]. Then xn − 1 =
( f1(x) f2(x) · · · fr(x))pt and Theorem 2.1 implies that
α is a NBG for Fqn/Fq ⇔ α is not a root of ϕ(x
n− 1
fi(x) ) (1≤ i≤ r)
⇔ α is not a root of ϕ(li(x)(1+ xl + x2l + · · ·+ x(pt−1)l))
where li(x) = (xl − 1)/ fi(x) (1≤ i≤ r)
⇔ α is not a root of Li(x)⊗ (x+ xql + xq2l + · · ·+ xq(p
t−1)l
)
⇔ Li(Trnl (α)) 6= 0 (1≤ i≤ r)
⇔ Trnl (α) is a NBG for Fql/Fq.
Remark 3.11. By combination of Theorem 3.10 and Theorem 3.2, we get the following result
given by Peris [14].
Corollary 3.12. ([14]) Let q = pl and n = ps be powers of prime number p and l,s ≥ 1. Then
α ∈ Fqn is a NBG for Fqn/Fq if and only if Tr(α) 6= 0, where Tr is the trace mapping for Fqn/Fq.
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